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Limitations on Vibration Isolation for
Microgravity Space Experiments

C. Knospe* and P. Allairet
University of Virginia, Charlottesville, Virginia 22901

The limitations on vibration isolation for micrograviry space experiments are explored. These limitations result
from the restricted interior space available for vibration isolation and the strokes required to achieve isolation. A
one-degree-of-freedom representation of the experiment spacecraft system is used, and an ideal vibration actuator
is assumed. The wall motion is characterized as sinusoidal at a single frequency. A kinematic representation results,
and the problem becomes one of finding the minimum acceleration trajectory within a pair of moving walls. This
optimal control problem can be solved via the calculus of variations; however, transcendental equations result. To
obtain an analytic solution, the inequality constraints are dropped and initial and final conditions on the trajectory
are added. The resulting control is optimal if the inequality constraints are still satisfied. Analysis yields a simple
condition under which a closed-form solution is available. A suboptimal solution that always satisfies the inequality
constraints is also presented. This solution is shown to have performance very close to optimal. The minimum
experiment rms acceleration given the spacecraft vibration frequency and amplitude is obtained from the optimal
and suboptimal solutions. Plots are presented, and the limitations on vibration isolation are discussed. These results
demonstrate that isolation from low-frequency vibration requires more interior space than is available for vibration
isolation on manned space orbiters.

Nomenclature
A = matrix in state dynamics
B = vector in state dynamics
A = amplitude of base motion
cf — coefficients of optimal control wopt
Fu = force on experiment platform
H — Hamiltonian
/ = cost function
m = experiment mass
L = stroke (maximum translation of experiment)
T = half-period
t = time
t* = boundary constraint exit time
u — control acceleration
x = state vector, =(xl,x2)T

x9Xi = position of experiment platform
x2 = velocity of experiment platform
y = position of base
/ = frequency of base motion, Hz
a = coefficient of optimal control wopt2
A = Lagrange multiplier
co ?= frequency of base motion

I. Introduction

THE use of a microgravity environment in space has the
potential for advanced materials science experiments.

Spencer1 outlined the goals as 1) an understanding of basic
physical phenomena, 2) quantification of limitations and
effects imposed by gravity, and 3) application of knowledge to
Earth- and space-based processes or products. A microgravity
environment can potentially eliminate buoyancy-driven con-
vection, sedimentation, and hydrostatic pressure, and it can
have several other advantages.1
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At this point in time, the actual acceleration requirements
for various experiments are not well known.2 An assessment
of existing theoretical and experimental data available up to
1985 was carried out in Ref. 3. Results indicate that accelera-
tion levels below 10~6g0 at frequencies below 0.1 Hz are
required by many processes, but the requirements are some-
what relaxed at higher frequencies. Work to better determine
the levels needed is in progress/An example is a twin-crystal
growth experiment to be carried out on spacecraft.4

An essential part of the development of a microgravity
experiment program is the characterization of the low-acceler-
ation environment aboard manned space orbiters. NASA has
carried out a series of measurements reported at various
conferences.5'6 A summary of these data was presented by
Grodsinsky and Brown7 and is repeated in Table 1. Addi-
tional data on the Space Transportation System was pre-
sented in Ref. 8. Similar results have been reported by the
European Space Agency.9

Vibration levels reported in the aforementioned literature
for spacecraft are significantly higher than allowable for mate-
rials science experiments. In order to achieve accurate and
reproducible results in such experiments, vibration isolation
will be required.3 Acceleration disturbances in the orbiter
environment cover a wide frequency bandwidth, from dc to
100 Hz. Sources below 10 ~3 Hz include drag, light pressure
oscillations, tidal effects, and gravity gradients. Above this
frequency, sources include manned activity, thruster firing,
and orbiter flight systems. The frequencies and amplitudes of
these accelerations are summarized in Table 1. Low-frequency
(10~3 to 10~2 Hz) structural excitations likely to be present
on the space station are not represented in this data. Such
flexible structure modes will contribute significantly to the
vibration environment.

The capability of isolating the experiment from any particu-
lar vibration source is dependent on both frequency and
amplitude. At relatively high frequencies, above about 5 Hz,
passive vibration isolation is normally possible. Examples
include the Hubble space telescope reaction wheel isolation
system10 and viscous dampers for reduced jitter.11 One of the
few active vibration isolation systems is reported in Ref. 12.
The volume available in spacecraft for experiments is limited.
Therefore, this introduces an additional constraint on active
isolation systems.
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Table 1 Microgravity space experiment
acceleration environment (from Ref. 7)

8/go F,Hz Source
Quasisteady or dc acceleration disturbances

10 ~7 0—10~3 Aerodynamic drag
10~8 0-10~3 Light pressure
10~7 0-10~3 Gravity gradient

Periodic acceleration disturbances
2 x 10 ~ 2 9 Thruster fire (orbital)
2x lO~ 3 5-20 Crew motion
2xlO~ 4 17 Ku-band antenna

Nonperiodic acceleration disturbances
10~4 1 Thruster fire (attitude)
10~4 1 Crew pushoff

Fig. 1 Kinematic representation of the experiment spacecraft system.

The purpose of this paper is to explore the limitations on
vibration isolation for space experiments, rather than to de-
velop the actual control algorithm. Thus, the ideal vibration
actuator is assumed, and an optimal control is formulated.
The optimal control problem is solved for a sinusoidal excita-
tion to obtain the minimum acceleration trajectory. A subop-
timal solution that gives results close to optimal is also
explored.

II. Kinematic Formulation
For this analysis, a one-dimensional theory is developed.

Clearly, the actual system required will be multidimensional
so this work is preliminary in nature. Consider a one-degree-
of-freedom system, the experiment, as illustrated in Fig. 1
with position x(t). It is connected to the spacecraft by umbil-
icals, such as power or fluid lines, and by a vibration isolation
actuator. A similar geometry is discussed by Genkin et al.,13

with stiffness and damping as well as an active vibration
isolation actuator. However, that system has one side fixed to
the ground and the forced mass in motion. Although the
spacecraft actually has a finite mass, it may be considered to
have infinite impedance for this analysis since the spacecraft-
to-experiment weight ratio is very large. Thus, the spacecraft
acts as an external base motion y(t) transmitting forces
through the umbilicals and the actuator.

This representation reduces the problem to a kinematic
one. Onboard the spacecraft, available interior space for the
experiment is limited. The walls around the experiment, which
should not be contacted, constrain the maximum translation
of the experiment, or stroke, to a fixed distance L. The base
motion y(t) imposed on the walls, spaced to permit a stroke of
L, forms the problem constraints. The problem of vibration

isolation/attenuation becomes one of finding the optimal tra-
jectory (minimum acceleration) given the constraint condi-
tions (moving walls).

III. Optimal Control Formulation
The objective is to formulate and solve the optimal control

problem for minimum experiment acceleration trajectory
in time. Let the experiment acceleration be denoted as u
(u = Fu/m). Then the cost function / to be minimized is

TJo

with the constraint

y(t) - L £ x(t) £ y(t),

(1)

(2)

for a given base motion y(t).
This problem is examined for harmonic base motion at a

single frequency. Let y(f) have the form

y(f) =^[l- (3)

with the half-period T = TC/CO. The cost function J now sim-
plifies to

-r u2dt (4)

due to the periodicity of the problem. Also, the constraint
becomes

l -cos(7if/r)] - l -cos(nt/T)]
(5)

over the half-period.
This problem may be viewed as finding the optimal path

through sinusoidally oscillating walls, as illustrated in Fig. 2.
If the base travel 2A is smaller than the space L, the minimum
acceleration is zero and the problem trivial. However, if the
base travel 2A is larger than the space available for vibration
isolation L, then the optimization problem has active inequal-
ity constraints on the state variables. The solution to this
problem may be attempted using the calculus-of-variations
approach by adjoining the Hamiltonian with a second-order
state-variable inequality constraint. This method requires the
satisfaction of two interior boundary conditions (position and
velocity continuity) at the junction points of constrained and
unconstrained path arcs.14 Because the wall motion is sinu-
soidal, these tangency constraints require the solution of
several transcendental equations. Therefore, no closed-form
solution to the general problem is available. As will be shown,
under a certain condition the problem can be solved to yield
an analytic solution. When this condition does not hold, a
suboptimal solution may be employed. Thus, easy-to-use
equations and plots for determining vibration isolation limits
are made available to microgravity experiment designers.

IV. Analytic Solution
To obtain an analytic solution to the problem, the con-

straints are simplified to the boundary conditions

*(0)=0, x(T).

which an optimal solution clearly must satisfy.
Define the system state variables15 as

(6)

(7)
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Fig. 2 Optimal path through harmonic walls.

and the equations of motion become

x = Ax + Bu

xT=i*i x2i ^ = i r ; i s *r=[<> i] (8)
The cost function is adjoined by the constraint, Eq. (7),

using two Lagrange multipliers.16 The result is

w - x2)] dt/=
which is the general functional for this problem.

Define the Hamiltonian as

H =

(9)

(10)

If we employ the calculus of variations, the minimization
equations are

0 = — - = 2u +du (11)

Solving these gives
= c0

Imposing the boundary conditions of Eq. (6) yields

and
l = ^12(2^-L)/r2

- L) 6(24 - L)

(12)

(13)

-6(2A -L) 2 6(2A-L)
—— ̂  ————— - t2 4- — ————— -, * T » '

(14)

(Of course, if 2^4 — L < 0, the optimal trajectory is clearly
u = 0, x = 0, A: = 0.) The root-mean-square (rms) acceleration
of this trajectory is

The trajectory of Eq. (10) is the solution to the original
problem if the inequality constraints on the platform position,
Eq. (5), are satisfied. Note that Eq. (14) is a linear open-loop
control law.

V. Conditions on the Analytic Solution
The condition under which Eq. (14) satisfies the inequality

constraints can be obtained by expanding Eq. (5) as a Taylor
series

(16)""2V7V ~24\7V + <

If we combine Eqs. (5), (14), and (16), x(t)^y(t) becomes

(17)

For small t/T,

3(2A - L) <: An2/2

which yields the condition

L Z [2 - (n2/6)]A (18)

2A - L :> 0

The symmetry of the optimal trajectory and inequality con-
straints guarantees that this is also the sufficient condition for
Eq. (14) to satisfy the inequality constraint near the final
time.

VI. Suboptimal Solution
A suboptimal solution to Eq. (4) that automatically sa-

tisfies the inequality constraints of Eq. (5) is

*.ub(0 = (A - L/2)[ 1 -cos(nt/T)]9 2A-L>0 (19)

which has control history

Wsub = (A - L/2)(n2/T2) cos(nt/T) (20)
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and ,rms acceleration

rms(xsub) = (N - L)/T2] (21)

When Eqs. (15) and (21) are compared, it is clear that the
suboptimal solution is only slightly inferior to the optimal

[rms(Jcopt)/rais(Jcsub)] = « 0.9927 (22)

A comparison of the optimal and suboptimal accelerations
and trajectories when condition (18) holds is shown in Fig. 3.
The optimal solution when condition (18) is invalid is a
combination of a linear control law and wall following trajec-
tories,

(An2/T2)
a-2a//J,
(An2/T2) cos(7E//r),

(23)
T-t*<t<T

'o.oo 0 20 0.80 1 000.40 O.fiO
T I M E / T

Fig. 3 Comparison of optimal and suboptimal acceleration histories.

where t* and a are determined by the solution of several
transcendental equations expressing position and velocity
continuity at t*. It is clear that the rms of this optimal
solution must be bounded between that of the suboptimal and
the optimal with the inequality constraints of (5) dropped

The suboptimal solution can obviously be employed as an
excellent approximation to the optimal, Eq. (23), when condi-
tion (18) is not satisfied.

VII. Limitations on Isolation
The primary purpose of this paper is to determine theoreti-

cal limits to vibration isolation. Although a dimensionless
plot could have been produced, it was felt that a few typical
dimensional plots would be of more use to designers of
microgravity materials science experiments. Figures 4-6
present the curves of the minimum experiment acceleration vs
base acceleration at constant frequencies for stroke limits of
5, 10, and 20 cm, respectively.

The horizontal axis gives the rms base acceleration calcu-
lated from

rms(JO=(V2/2)a>l4 (25)
The vertical axis is the minimum experiment acceleration
from Eq. (15) when Eq. (18) holds and Eq. (21) when it
does not.

In Figs. 4-6, the minimum experiment rms acceleration at
any given frequency is zero (isolation) until the base displace-
ment amplitude equals one-half the maximum stroke possible.
The minimum experiment rms then quickly rises with in-
creases in base acceleration and asymptotically approaches
the zero-vibration-reduction line, at 45 deg. Along this line,
the base and experiment act as if they were rigidly coupled
together and have the same acceleration.

The primary limitation is the length of stroke allowed
between the experiment and the base. As an example calcula-
tion, consider an rms base acceleration of 1 x 10 ~3 g0 at a
frequency of 0.06 Hz. The base travel is given by

(26)

o'o
MINIMUM EXPERIMENT VIBRATION
GIVEN STROKE CONSTRAINT
STROKE « 0.05 METERS

T <r \ cr h or h <r
RMS BASE ACCELERATION (GO)

i o"

M I N I M U M EXPERIMENT V I B R A T I O N
GIVEN STROKE CONSTRAINT
STROKE « 0.10 METERS

Fig. 4 Minimum experiment acceleration given disturbance frequency,
stroke = 5 cm.

RMS BASE ACCELERATION (GO)
Fig. 5 Minimum experiment acceleration given disturbance frequency,
stroke = 10 cm.



646 C. KNOSPE AND P. ALLAIRE J. SPACECRAFT

MINIMUM EXPERIMENT VIBRATION
GIVEN STROKE CONSTRAINT
STROKE * 0.20 METERS

10"
RMS BASE ACCELERATION (GO)

Fig. 6 Minimum experiment acceleration given disturbance frequency,
stroke = 20 cm.

which has the numerical value of 19.5cm for this example.
For a stroke L = 5 cm, Fig. 4 shows that the experiment
acceleration will be at least 7 x 10~4£0- When the stroke is
increased to L = 10 cm, Fig. 5 gives a value of 4.5 x 10~4go-

The last case is a stroke of L = 20 cm. Figure 6 indicates
that the minimum acceleration is zero. In this case, L > 2A so
the stroke is large enough to accommodate the full sinusoidal
motion without wall contact.

As an alternative to the plots, Eqs. (15), (18), (21), and (25)
may be used directly. These can be simplified for this
purpose to

rms(*)
rms(j>)

(-=)
(27)

0,

with

VIII. Conclusions
This paper has developed a kinematic formulation for the

microgravity space experiment problem in one dimension.
Further, two solutions, one optimal and the other suboptimal
but very close to optimal, have been obtained. These permit
plots of vibration attenuation for given levels of available
space. For the sinusoidal oscillation assumed here, the experi-
ment could be completely isolated if sufficient space were
available. Unfortunately, the low-frequency motions (0-
0.01 Hz) would require motions with a length much larger
than possible aboard spacecraft.

Plots of the type developed here are intended to assist
microgravity experiment designers as well as vibration isola-
tion engineers. These plots represent the ideal vibration isola-
tor. Real systems will not be able to attain the ideal for
several reasons. The actual motion will have several frequency

components as well as a random component. The random
component alone will ensure that the full space L cannot be
employed. Some safety space will have to be allocated to
prevent occasional wall contact. Any real active control sys-
tem will have some nonideal characteristics. The sensors
employed in the active control feedback loop will have some
errors as well. The authors of this paper are aware that the
development of a very low-frequency accelerometer is
difficult. In spite of this, we are optimistic about the levels of
vibration isolation discussed here. It seems reasonable to
believe that approximately 75% of ideal isolation is possible
with an actual control system and actuator.
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